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Computation of Particle-Laden Turbulent Gas Flows
Using Two Dispersion Models

X.-Q. Chen¤ and J. C. F. Pereira†

Instituto Superior Técnico, 1096 Lisbon Codex, Portugal

A hybrid Eulerian–Lagrangianmodel was used to study the solid particles, with a mean diameterof 49:3 ¹m and
a standard deviation of 4:85 ¹m, dispersing from a turbulent wall-adjacent gaseous jet. Two Lagrangian particle
dispersion models, the conventional stochastic discrete delta function model and a recently developed stochastic-
probabilistic ef� ciency-enhanced dispersion (SPEED) model, were used to account for the particle dispersion
induced by gas turbulence. The present work also investigated the effects of two different methods for determining
the particle–eddy interaction time on the predicted particle property. Numerical predictions obtained with the
different models using the conventional and modi� ed particle–eddy interaction timescales were compared with
each other and with experimental measurements. It was found that better agreement with experimental data could
be achieved by using the modi� ed particle–eddy interaction timescale. Moreover, it was demonstrated that the
SPEED model could not only signi� cantly improve the computationalef� ciency of the trajectory solver by a factor
of 10 for the present � ow considered but also yield smoother pro� les and better agreement with the measurements
than could the conventional Lagrangian stochastic discrete particle model.

Nomenclature
C e 1 , C e 2 = standard k- e model constants
C e 3 = model constant for two-phase turbulence

modulation
C l = k- e model constant
C r = model constant for the stochastic-probabilistic

ef� ciency-enhanceddispersion (SPEED) model
C s 1, C s 2, C s 3 = nonlinear k-e model constants
Dp = particle diameter
FL = lift force
f = probability density function
f p = drag correction coef� cient
G = turbulence production
g = gravity
k = turbulent kinetic energy
le = turbulent eddy length scale
P = pressure
RL = Lagrangian autocorrelationfunction
S p

k = turbulence modulation
S p

Ui
= two-phase momentum exchange

TL = Lagrangian integral timescale
t = time
U = mean velocity
u = � uctuating velocity
u i u j = Reynolds stresses
Vrel = relative velocity between the two phases
x = Cartesian coordinate
d i j = delta function, D 1 (i D j ) and D 0 (i 6D j )
e = dissipation rate of the turbulent kinetic energy
l = viscosity
q = density
r k , r e = k- e model constants
r p = particle trajectory variance
s p = particle relaxation time constant
8 = Eulerian control volume
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Subscripts

eff = effective
i, j = coordinate components
int = interaction
k = coordinate component or kth particle size
m = coordinate component
p = particle phase
t = turbulent

Introduction

D ISCRETE Lagrangian trajectory models are currentlyused by
many researchers for the simulation of particulate two-phase

� ows; see Refs. 1–3, etc. This is related to the fact that they are
able to accountfor particle trajectory-crossingeffects, particle–wall
interactions,and particle–particlecollisions,etc. Two recently com-
pleted reviews of numericalmethods for predictingtwo-phase � ows
can be found in Elghobashi4 and Crowe et al.5

Most existing Lagrangian stochastic models are based on the
particle–eddy interaction model developed by Gosman and Ioanni-
des.6 In this model, the particlesare assumed to randomlyencounter
a series of turbulent eddies, and the particle property determined
in the trajectory computation solely represents one point in space.
That is, a discretedelta functionde� nes the spatial distribution.As a
consequence,such a stochasticmodel often requires trackinga very
large number of particle trajectories to achieve a stochastically in-
variant solution,even thoughit has been successfullyused to predict
a variety of dilute two-phase � ows. For example, Mostafa et al.7 re-
ported that 100,000particle trajectorieswere necessaryfor comput-
ing themonodispersedparticle-ladenjet.Adeniji-FasholaandChen8

achievedsmoother particle properties’pro� les using a total of 9000
computationalparticle trajectories for a con� ned particle-laden jet.
Chang and Wu9 foundthat a largenumberof 20,000droplettrajecto-
rieswere requiredto reachan invariantsolutionfor thepolydispersed
hollow-cone spray. Furthermore, as many as 50,000 droplet trajec-
tories were used by Berlemont et al.10 to obtain the stochastically
invariant solution for a polydispersed turbulent evaporating spray.
In addition, Chen and Pereira11 also found that a total of 10,000
droplet trajectories were necessary to achieve an invariant solution
for the turbulent evaporatingspray. Recently, Sato et al.2 employed
about 33,000 particle trajectoriesto compute a particle-ladenplanar
turbulent jet. Obviously, the more particle trajectories are tracked,
the more computer CPU time will be required for the Lagrangian
solver. Such a large number of particle trajectories will further in-
crease when three-dimensional two-phase � ows are computed. As
a result, computer CPU time will become unbearable if a large � ow
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geometry results in a long particle residence time in the computa-
tional domain.

To overcome the de� ciency in the existing conventionalstochas-
tic models, Chen and Pereira12 developed an ef� cient Lagrangian
trajectory model, stochastic-probabilistic ef� ciency-enhanced dis-
persion (SPEED), aimed at tracking a relatively small number of
particle trajectories while offering a noise-free or noise-reduced
computational solution. Such an ef� cient Lagrangian trajectory
model was based on that of Litchford and Jeng,13 but it differs from
their model in that a more ef� cient approachwas developedto deter-
mine the particle dispersion width induced by gas turbulence. The
SPEED model was further improved by Chen and Pereira.14, 15

On the other hand, existing particle–eddy interaction models de-
terminethe interactiontimescaleas the minimumof an eddylifetime
and an eddy transit time. Recent analyses,16–18 however, indicate
that the existing eddy interaction models may predict that discrete
heavy particles will disperse less rapidly in the long-time limit than
will � uid particles. Evidently, this is contrary to the experimen-
tal observation that discrete particles may disperse faster than � uid
particles. Their theoretical study further demonstrates that particle
dispersioncan be enhanced by modifying the method for determin-
ing the particle–eddy interaction time in the existing particle–eddy
interaction models. It is found that, after the modi� cation, the dis-
persion of discrete heavy particles in the long-time limit can be
correctly predicted.

Therefore, the objective of this work is to further validate the
SPEED model,14 taking into account the recent analyses of Gra-
ham,16 Graham and James,17 and Graham18 for a particle-ladentur-
bulent gas � ow with available detailed experimentalmeasurements
from Sato et al.2 An early numerical study19 has shown that the
initial conditions play an important role in the accurate prediction
of the particulatephase. Therefore, the experimentalmeasurements
are used to provide complete initial conditions for the two-phase
� ow computations. As a result, the in� uence of incomplete initial
conditions on two-phase � ow predictions, especially for the par-
ticulate phase, can be excluded. The effects of particle–eddy in-
teraction timescales are also investigated using results from recent
analyses.16–18 The results of the SPEED model are compared with
those of the conventionalstochastic discrete delta function (SDDF)
model. The computational ef� ciency of the SPEED model is as-
sessed by making comparisonswith that of the conventionalSDDF
model. In addition,the experimentalmeasurementsare used to eval-
uate the accuracy of the numerical predictions.

Two-Phase Flow Governing Equations
Gas Phase

Mostof theexistingturbulencemodels for thecontinuousphasein
two-phase � ow predictionsare based on the standardk-e model.9, 20

However, such a turbulenceclosure model for the continuousphase
cannot account for the effects of turbulence anisotropy on particle
dispersion.21 To overcomethis de� ciency, the nonlineark- e model22

is used for the carrier gas phase to account for the anisotropy of
turbulence. The governing equations for mass and momentum can
be written tensorially as
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The Reynolds stresses u i u j can be written tensorially as23
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where the superscript¤ represents the deviatorypart23; for example,
we have
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The coef� cients C s 1, C s 2 , and C s 3 in Eq. (3) are zero when the
conventionalstandard linear k-e model is used. In the framework of
the k-e model, the turbulent kinetic energy k is governed by

¶ q kU j

¶ x j
D

¶
¶ x j

l eff

r k

¶ k

¶ x j
C (G ¡ q e ) C S p

k (5)

and its dissipation rate e is governed by

¶ q e U j

¶ x j
D

¶
¶ x j

l eff

r e

¶ e

¶ x j
C

e

k
(C e 1G ¡ C e 2 q e ) C C e 3

e

k
S p

k (6)

where the turbulence generation G is given by

G D ¡ q u i u j
¶ Ui

¶ x j
(7)

Note that the turbulence generation may be negative, especially in
the course of numerical iteration when the nonlinear k- e model is
used.This is differentfrom the standardk-e model, where the gener-
ation is always positive. The model constants used in the foregoing
equations are given as follows: ( r k , r e , C l , C s 1 , C s 2 , C s 3, C e 1 , C e 2,
C e 3) D (1, 1.3, 0.09, 0.041, 0.014, ¡0.014, 1.45, 1.9, 1.1).

Particle Phase
In the framework of the Lagrangian formulation, the equation of

motion for each representativeparticle size can be written

dUpi

dt
D

QUi ¡ Upi

s p
f p C 1 ¡

q

q p
gi C FLi (8)

where the terms on the right-hand side denote the drag, gravity, and
lift forces, respectively.The lift force is given (with no summation
over j and j 6D i ) by24

FLi D 3.0844
q p Dp

q l
¶ QU j

¶ xi
[ QU j ¡ Up j ] (9)

In Eq. (8), QUi represents the gas instantaneousvelocity.The particle
relaxation time constant s p is de� ned as

s p D
q p D2

p

18l
(10)

Following Clift and Gauvin,25 the drag correction coef� cient f p is
determined by

f p D 1 C 0.15Re0.687
p Rep < 1 £ 103 (11)

where the relative Reynolds number is de� ned as

Rep D
q Vrel Dp

l
(12)

The particle trajectories are computed by integrating the particle
velocity; that is,

dxpi

dt
D QUpi (13)

Due to the dif� culty in determining the instantaneous gas velocity
gradient, ¶ QU j / ¶ xi , in Eq. (9), an approximate method2 has been
used for the determination of the gas velocity gradient along the
particle trajectory.

Two-Phase Coupling Sources
In the present study, two-way coupling is accounted for by in-

cluding the two-phase exchanges in momentum and kinetic energy.
As no phase change occurs, the source term for the continuityequa-
tion is zero. The momentum exchange between the gas and particle
phases is therefore determined as26

S p
Ui

D ¡ 1
8

X
PNk D Upi ¡ 1 ¡

q

q p
giD t ¡ FLiD t

p

6
q p D3

p

(14)

whereD Upi is the velocitychangeof the particle residingin the con-
trol volume 8 for a time intervalD t and the summation is made over
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all particle trajectoriesacross the control volume 8. The turbulence
modulation term is given by

S p
k D QUi S

p
Ui

¡ h QUi i S p
Ui

(15)

where h i denotes an ensemble average for all of the particle trajec-
tories crossing the control volume 8.

Two Particle Dispersion Models
Stochastic Discrete Delta Function Model

The conventional Lagrangian stochastic model6 determines the
instantaneous gas velocity by summing a � uctuating velocity ui

over the mean gas velocity of Ui , both of which are located at the
current particle position. The � uctuating velocity is determined us-
ing the local kinetic energy k, under the assumption that the random
distributionobeys the Gaussian probabilitydensity function (PDF).
However, Chen and Pereira21 found that such a dispersion model
fails to predict the anisotropiceffects of particle turbulent property.
Therefore, the instantaneous gas velocity is presently obtained us-
ing the local Reynolds stresses [Eq. (3)] instead of the local kinetic
energy k. The time during which a particle interactswith a turbulent
eddy is determined by minimizing two timescales: an eddy lifetime
and an eddy transit time. The eddy timescale is determined by

te D
p

1.5C0.75
l (k/ e ) D 0.21(k/ e ) (16)

where C l is the model constant, as given before. The eddy transit
time is given by

tc D ¡ s ¤
p 1 ¡
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p

(17)

where the eddy length scale is de� ned as

le D C0.75
l (k1.5/ e ) (18)

and s ¤
p is given by

s ¤
p D s p/ f p (19)

Equation (17) was derivedusing the linearizedparticle’s equationof
motion without accountingfor the lift force.13 Strictly speaking,it is
not valid for the present two-phase � ow where the lift forcehas been
included in Eq. (8). However, the lift force is usually very small, as
compared with the other terms in the equation, owing to the small
ratio of the gas to particle densities. Equation (17) is therefore still
used for simpli� cation in the present study. The modi� ed particle–
eddy interaction time16 tint is thus given as follows:

tint D
T f D 2te if Vrel < le

.
s ¤

p

min(Tmax, tc) otherwise
(20)

where Tmax is set to some value, based on the turbulence structure
parameter, to achieve a speci� ed ratio of Lagrangian to Eulerian
timescales. In the present study, a value of 2.8 te was chosen as the
limit of Tmax. According to the analysis,16 the value of Tmax should
be about 3.16 te as a result of the turbulence structure parameter
equal to 1. It was, however, found that Tmax D 2.8 te gave slightly
better agreement with the experimental measurements.2 This was
attributed to the ensuingconstantof C r D 1.5 for the SPEED model,
which was chosen slightly larger than unity, a limit value for tracer
particles. In addition, it can be inferred that the criterion16 was ob-
tained under some simpli� ed assumptions; it therefore may deviate
from practical complex turbulent � ows. The conventional particle–
eddy interactionmodel6 can be retrieved by setting Tmax D T f D te.

Stochastic-Probabilistic Ef� ciency-Enhanced Dispersion Model
In conventionalLagrangianstochasticmodels, the particle trajec-

tory obtained with Eq. (13) represents nothing but a single point in
space. In other words, the discrete delta function model has been
used for distributing the physical particles in space. Consequently,
this model often requires tracking many individualparticle trajecto-
ries to achieve a stochastically invariant solution. With the SPEED
model, however, this de� ciency can be surmounted and the com-
putational ef� ciency can be enhanced. The SPEED model differs

from the SDDF model in that it performs a probabilistic operation,
in addition to the stochastic operation,at each Lagrangian time step
along a particle trajectory. The probabilistic operation accounts for
the spatial distribution of a particle in the physical space, based
on a predetermined trajectory variance and an assumed probability
density function. That is to say, a cloud of particles is tracked by
using a representative size of the particles. Such a particle cloud
has a mean trajectory determined by the conventional Lagrangian
stochastic model and a spatial distribution governed by a predeter-
mined probability density function. Following Chen and Pereira,14

an ordinary differential equation can be derived to govern the tra-
jectory variance. It reads tensorially as

d r 2
pi

dt
D 2 \ pj d i j Nu2

j

Z t

0

RL j ( s ) d s (21)

where RLi ( s ) is a Lagrangianautocorrelationfunction, and \ pj de-
notes a relation for two-phase � uctuating velocity correlation. The
repeated subscript j performssummation, and such a repeated sum-
mation practice is also valid for ensuing equations unless otherwise
indicated. Introduction of this parameter in the trajectory-variance
equation (21) is aimed at making it possible to compute the particle
trajectory variance along the trajectory using the predicted gas � ow
Reynolds stresses Nu2

j ; see Ref. 14 for details. Following Rizk and
Elghobashi,27 \ p j is determined (with no summation over i ) by

\ pi D C r 1 C 0.85
V 2

rel

Nu2
i

¡0.5

(22)

where Nu2
i is the normal-stress component at the particle position.

The new model constant is taken equal to 1.5, as suggestedby Rizk
and Elghobashi.27 Our previousstudy14 also demonstratedthat such
an expression gave better agreement with available measurements
than an expression based on the Stokes number. For inhomoge-
neous turbulent � ows, the Lagrangian autocorrelationfunction can
be determined20 by

RLi ( s ) D cos
s

(m2 C 1)TL j
exp ¡

s

(m2 C 1)TL j
d i j (23)

where the loop parameter m is equal to unity, as suggested by
Berlemont et al.,20 who found that this value yielded good agree-
mentwith variousexperimentaldata.The integral timescale for each
component in Eq. (23) is determined by28

TLi D 0.235 Nu2
i

.
e (24)

where Nu2
i denotes the i th component of the normal stress, and no

summation is performed. After introducing Eq. (23) into Eq. (21)
and performing integration in part, Eq. (21) can be rewritten as

d r 2
pi

dt
D 2 \ p j d i j Nu2
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2TL j

£ cos
t

2TL j
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t
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where the summation is made over the subscript j . Note that the
Lagrangian advance step for integration is chosen in such a way
that it is always smaller than 20% of the integral timescale to en-
hancenumericalaccuracy.Therefore, the right-handside of Eq. (25)
is always positive, as physically required. In both the conventional
and ef� cient particle dispersion models, particles are assumed to
interact with a series of turbulent eddies for a period of time de-
termined as the minimum of an eddy lifetime and an eddy transit
time.A recent analysis16 indicatesthat particledispersioncan be en-
hanced by modifying the interaction timescale. Such a modi� cation
is aimed at overcoming the de� ciency that the particle–eddy inter-
action timescale determined in conventional eddy interactionmod-
els always underpredicts the heavy particle dispersion compared
with the tracer particle dispersion.As stated before, for the SPEED
model, the trajectory determined with Eq. (13) only represents the
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locus of the trajectory center at each Lagrangian advance step.
Simultaneously, particle trajectory variances are determined with
Eq. (25) to account for the dispersive effect induced by turbulence.
To account for the anisotropy of turbulence, the particle–eddy in-
teraction time, given by Eq. (16), is modi� ed by averaging the two
components of the integral timescale given by Eq. (24). Similarly,
the eddy length scale is also modi� ed by averaging the two compo-
nents of the length scale, which are the product of the integral time
and the squared root of the local normal stress.

Given a PDF, f (x , y), the distribution of a physical particle in
space can be determined. The ensemble-averagedparticle property
at an Eulerian control volume, U (x , y), can thus be obtained as14

U (x , y) D
P M

k D 1
PNkD tk

xu

x l
yu

yl U k(x p , yp ) fk(x , y) dx dy
P M

k D 1
PNkD tk

xu

x l
yu

yl fk (x , y) dx dy
(26)

where the superscripts l and u denote the lower and upper integral
boundaries,respectively,and the summation over k representsall of
the particle sizes crossing the Eulerian control volume considered,
with M being the total number of the particle trajectories.The term
PNk in Eq. (26) denotes the particle number � ow rate of the kth par-

ticle. Similarly, the distribution of two-way coupling sources can
also be determined, except that the denominator of Eq. (26) is no
longer required. This is because the couplingsources are calculated
in terms of the absolutenumber of particles crossing the considered
Eulerian control volume. Note that (xp , yp) in Eq. (26) represents
the current particle position and that a prescribed PDF is required
to determine the particle probabilitydistribution in these equations.
The Gaussian PDF is used for the present study. The detailed de-
scription of computing sources and ensembled properties can be
found elsewhere.14

Computational Details
Figure 1 shows the experimental� ow con� gurationof Sato et al.2

The freestreamgas has a velocityof 2 m/s. The solidparticles are re-
leased from the wall-adjacentgas jet, which has a velocityof 10 m/s
at the nozzle with a Reynolds number of 3.3 £ 103 . The transverse
dimension is 100 mm, and the axial dimension for � ow computa-
tion is taken to be 500 mm. The convective terms in the momen-
tum equationsare discretizedusing a third-orderQUICK algorithm.
Comparing the solutions obtained using grids of 82 £ 72, 92 £ 82,
and 122 £ 112 in the x and y directions, respectively, it was found
that the grid of 92 £ 82 gave almost the same solution as the grid
of 122 £ 112. The computational domain is therefore covered with
the grid of 92 £ 82. The initial conditions for Eulerian equations
are obtained by interpolating the experimental measurements of
Sato et al.2 In the near-wall region, the conventional wall-function
method is used to modify the momentum equations.That is, the tan-
gential velocity at the wall-adjacent node is modi� ed using the law
of the wall to bridge the subviscose layer. Rizk and Elghobashi27

found that the law of the wall could yield an error larger than 4%

Fig. 1 Experimental setup
of Sato et al.2

when the particle volume concentrationis larger than 0.0005.How-
ever, the present particle volume concentration is typically smaller
than 0.0005. Therefore the law-of-the-wall method is still used as
the boundary wall modi� cation in the present study. At the exit,
the zero-gradient conditions are set for all the variables. The con-
vergence criterion for the two-phase � ow computations is that a
residual of 5 £ 10¡3 is obtained after including two-way coupling
sources in the gas � ow equations. Regarding the dispersed phase,
the experimental measurements at the inlet are used as input for
initial Lagrangian conditions. The particle has a mean diameter of
49.3 l m and a standard deviation of 4.85 l m. The particle density
is 2590 kg/m3 . The particle Stokes number ranges from 0.56 to 2.2
in the fully developed region2 between x D 150 and 250 mm. The
initial distribution of particle sizes is selected by summing over the
mean diameter a random part that obeys a Gaussian distribution.
That is, the particle sizes at the inlet are sampled by

Dp D 49.3 C 4.85n ( l m) (27)

where n is a Gaussianvariablehavingzeromean and unitydeviation.
To achieve a stochastically invariant solution, a total number of
20,000 particle trajectories are tracked for the conventional SDDF
model. However, a total number of 1000 particle trajectories are
tracked for the SPEED model.

Results and Discussion
Gas Phase Flow Property

The gasaxialmeanvelocityat threedownstreamstationsis shown
in Fig. 2, where the jet velocity(Ujet D 10 m/s) at the inlet is used for
velocity normalization. The coordinates are normalized by the jet
width b D 5 mm. Figure 2 shows that the nonlineark- e model yields
slightlybetter predictionsthan the standardk-e model, downstream
of x / b D 40. This is obviously attributed to the nonlinear terms in-
cluded in Eq. (4). The nonlinear terms redistribute the turbulencein
each direction. The two components of the gas � uctuating velocity
are shown in Figs. 3a and 3b. Of interest is the fact that the predic-
tions for the standard and nonlinear k-e models show an opposite
tendency to agree with the measurements of Sato et al.2 That is, the
standardk-e model betterpredicts the streamwise � uctuatingveloc-
ity, whereas the nonlinear k- e model better predicts the transverse
� uctuating velocity.Therefore, it seems dif� cult to evaluate the two
turbulenceclosure models. However, it can be clearly noted that the
two components of the � uctuating velocity predicted with the stan-
dard k- e model are almost isotropic, which is against the observed
experimental measurements. In contrast, the nonlinear k-e model
has satisfactorily predicted the anisotropy of gas turbulence. This
can be further clari� ed by Fig. 4, where the normalized difference
between the two � uctuating velocity components is plotted. Note

Fig. 2 Gas axial mean velocity obtained with the nonlinear (——) and
standard (– – –) k-" models.
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a) Axial component b) Transverse component

Fig. 3 Gas � uctuating velocities obtained with the nonlinear (——) and standard (– – –) k-" models.

Fig. 4 Difference in two components of the gas � uctuating velocity
obtained with the nonlinear (——) and standard (– – –) k-" models.

that, for clearervisualization,theexperimentaland numericalvalues
have been arbitrarily ampli� ed by a factor of 25 as indicated in the
� gure. Figure 4 clearly indicates that the standard k-e model yields
almost zero anisotropy of turbulence owing to the exclusion of the
nonlinear terms present in the nonlinear k-e model.

Figure5 comparespredictionsfor the gas shear-stresscomponent.
Here both the experimental and numerical values are ampli� ed by
a factor of 1000 to allow another clearer visualization.The compar-
ison is also indicative of slight improvement with the nonlinear k- e
model. Note that the discontinuity of the shear stress near the wall
is due to the wall function used to modify the momentum equa-
tions and turbulent generation for the node adjacent to the wall.
The direct numerical simulation has shown that a large number of
numerical grid nodes are required to resolve the near-wall region,
which is computationallyvery expensive.As the present study used
the nonlinear k- e model for the gas � ow, the wall-function method
was employed. Such behavioralso appeared in the results using the
lower-Reynolds-numbermodel.2 Because the nonlinear k- e model
can account for the turbulence anisotropy, it is therefore used for
the gas � ow predictions in the ensuing two-phase � ow predictions.

Effects of Interaction Timescales
As analyzed by Graham16 and Graham and James,17 the conven-

tional particle–eddy interaction timescale, determined as the mini-

Fig. 5 Gas shear stress obtained with the nonlinear (——) and stan-
dard (– – –) k-" models.

mumof theeddylifetimeandeddytransit time,may underpredictthe
dispersion of the discrete heavy particles as compared with that of
the � uidparticles.Their analysisshows,however,thatby adequately
modifying the conventional particle–eddy interaction time the par-
ticle dispersionin the long-time limit can be correctlypredicted.By
setting Tmax to some value larger or smaller than the eddy lifetime,
adequate particle dispersion can be achieved. As explained before,
Tmax D 2.8te was chosen for the present particle-ladenturbulentgas
� ow. To understand the effects of the interaction timescale on par-
ticle dispersion, two different timescales are used to account for the
particle–eddy interaction: one determined by Shuen et al.,29 which
is a slight modi� cation on the model of Gosman and Ioannides,6

and another determined by Graham.16

Figures 6a and 6b show the numerical predictions of the particle
� uctuating velocity using two different particle–eddy interaction
timescales. Here SDDF-A and SDDF-B represent the predictions
with the conventionaldiscrete delta function model using the mod-
i� ed particle–eddy interaction timescale,16 i.e., Eq. (20), and the
standard interaction timescale,27 respectively. Of particular note is
that, to achieve a stochastically invariant solution, 20,000 particle
trajectories have been tracked for these SDDF model predictions.
It can be seen that the modi� ed particle–eddy interaction timescale
leads to larger particle dispersion and yields better agreement with
the experimentalmeasurements. Such enhanced particle dispersion
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a) Axial

b) Transverse
Fig. 6 Particle � uctuating velocities obtained with the SDDF model
(——, modi� ed interaction timescale, and – – –, standard interaction
timescale) using 2 £ 104 trajectories.

is the direct result of the chosen time limit Tmax in Eq. (20). For
the predictions obtained with the conventional particle–eddy inter-
action timescale (SDDF-B), there exist some zigzag changes in the
� uctuating velocity pro� les on the outer edge of the jet. This is be-
cause the particleswere releasedfrom the wall-adjacentjet and were
dispersed gradually outwards under the gas turbulence.As a result,
fewer particles are present in the region away from the wall than
close to the wall, and ensemble-averagedparticle velocities cannot
be reliably obtained on the jet edge. This can be clearly observed in
the SDDF-B predictionsusing the conventionalparticle–eddy inter-
action timescale; see the dashed lines in Figs. 6a and 6b. However,
such zigzagchangeshavebeen substantiallyreducedin the SDDF-A
predictions.This is because the enhanced particle–eddy interaction
timescale has been used in the SDDF-A predictions.Obviously, the
direct result of the enhanced particle dispersion is that more par-
ticles can be present in the jet outer edge. This leads to relatively
reliable statistics of the particle � uctuating velocities on the plotted
jet edge.For this reason, the particle � uctuatingvelocitypro� les ob-
tained with the modi� ed timescale (SDDF-A) are much smoother
than those obtained with the standard timescale (SDDF-B).

Figures 7a and 7b compare the numerical predictions obtained
with the SPEED model using the two interaction timescales. Once
again, SPEED-A and SPEED-B correspond to the predictions ob-

a) Axial

b) Transverse
Fig. 7 Particle � uctuating velocities obtained with the SPEED model
(——, modi� ed interaction timescale, and – – –, standard interaction
timescale) using 103 trajectories.

tained with the SPEED model using the modi� ed and standard
particle–eddy interaction timescales, respectively. It should be
stressed here that only 1000 particle trajectories were tracked in
these SPEED model predictions. A similar trend is observed in the
predicted particle � uctuating velocities. However, much smoother
pro� les are achieved with the two versions of the SPEED model no
matter what interaction timescale has been used. This is attributed
to the probabilisticcomputationincluded in the SPEED model. The
probabilisticcomputationdistributesspatially the physicalparticles
at each Lagrangian time step. As a result, smoother pro� les can
be obtained even though a much smaller number of particles are
tracked for the SPEED model. This is in striking contrast to the
SDDF model in which Lagrangian computations at each time step
only represent a single point in space. It is for this reason that some
zigzag changesare still present in the SDDF predictions, regardless
of the larger number of particle trajectories (20,000) tracked for the
model. Evidently, the comparisons in Fig. 7 have demonstrated that
the predictions obtained with the modi� ed timescale agree more
satisfactorily with the experimental measurements. This is also in-
dicative of the success in modifying the particle–eddy interaction
timescale for the SPEED model. The modi� cation does bring the
model predictionstoward better agreementwith the measurements,2

owing to the enhanced particle dispersion.
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Computational Ef� ciency and Accuracy
In this section, the computational ef� ciency and accuracy are

evaluated in terms of computer CPU time and agreement with ex-
perimental measurements. The previous comparisons have demon-
strated that the modi� ed eddy interaction timescale improves both
the SDDF and SPEED predictions, yielding better agreement with
the experimentalmeasurements.Therefore, the followingmodel as-
sessmentis baseduponthemodi� ed eddyinteractiontimescale.Fig-
ures 8a and 8b compare the predicted particle velocity � uctuations
obtainedwith the conventional(SDDF) and ef� cient (SPEED) mod-
els, with the aim of assessing the computational ef� ciency and ac-
curacy of the two particle dispersion models. Note that there exists
a large difference in the number of particle trajectories between the
SDDF model (20,000 trajectories) and SPEED model (1000 trajec-
tories) and that the interaction timescales used in these two model
predictions are based upon the modi� ed one.16 Figures 8a and 8b
clarify that the SPEED model yields slightly better and smoother
predictions than the SDDF model, even though it computes only
5% (the ratio of SPEED model trajectories to SDDF model trajec-
tories) of the total number of particle trajectories tracked with the
SDDF model. This indicates that the SPEED model is really ca-
pable of adequately accounting for the distribution of the physical
particles in space to achieve the smooth pro� les and improves the

a) Axial

b) Transverse
Fig. 8 Particle � uctuating velocities obtained with the SPEED model
(——) using 103 trajectories and the SDDF model (– – –) using 2 £ 104

trajectories based on the modi� ed interaction timescale.

numerical predictions as a result. The computational ef� ciency of
the two dispersion models can be evaluated in terms of their CPU
times. It is found that the ratio of the computer CPU time required
by SPEED to that by SDDF is about 10%. This evidently illustrates
that the stochastic-probabilistic model does substantially enhance
computationalef� ciency.

In the following comparisons, the particle axial mean veloc-
ity, shear stress, and volume concentration were also obtained
with the SDDF and SPEED models using the modi� ed interaction
timescale.16 Displayed in Fig. 9 is the particle axial mean velocity
obtained with the two dispersionmodels. There is a very slight dis-
crepancy in the predicted particle axial mean velocity, regardless of
the largedifferencein thenumberof particle trajectoriesbetween the
two dispersion models. This is because the particle mean velocity
is not sensitive to the number of particle trajectories.11 The parti-
cle shear-stress predictions with the SDDF and SPEED models are
compared in Fig. 10, where the experimental and numerical values
have been arbitrarily ampli� ed by a factor of 250. It is evident that
the SPEED model predictions yield much smoother pro� les than
the SDDF model. This is obviously attributable to the probabilistic
computation carried out in the SPEED model, which distributes the

Fig. 9 Particle axial mean velocities obtained with the SPEED model
(——) using 103 trajectories and the SDDF model (– – –) using 2 £ 104

trajectories based on the modi� ed interaction timescale.

Fig. 10 Particle shear stress obtained with the SPEED model (——)
using 103 trajectories and the SDDF model (– – –) using 2 £ 104 trajec-
tories based on the modi� ed interaction timescale.
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Fig. 11 Particle volumeconcentration obtainedwith the SPEED model
(——) using 103 trajectories and the SDDF model (– – –) using 2 £ 104

trajectories based on the modi� ed interaction timescale.

physical particles in space and smooths the pro� les. Figure 10 also
shows that the particle shear stress is a sensitiveproperty for predic-
tion. With a SDDF model, a larger number of particle trajectories
are required if we want to reach smoother shear-stress pro� les.

Figure 11 � nally plots the pro� les of the particle volume con-
centration obtained with the SPEED and SDDF models. Here the
experimental and numerical values have been ampli� ed by a factor
of 10,000for easy observation.The two dispersionmodels give very
close predictions.The pro� les are very smooth for both model pre-
dictions. It has been found that the particle volume concentrationis
notverysensitiveto thenumberof particletrajectoriesfor thepresent
particle-ladenturbulentgas � ow. This is probablybecause the parti-
cles arenearlymonosized(about50 l m) in thepresentstudyand the
particle volume concentration is computed using the absolute total
number of particles within the Eulerian control volume in question.

Concluding Remarks
Solid particle dispersion in a turbulent wall jet has been inves-

tigated numerically using the Eulerian–Lagrangian hybrid model.
Detailed experimentalmeasurementswere used as the initial condi-
tions, thus excluding the effects of the incomplete initial conditions
on two-phase � ow predictions. The present numerical results were
comparedwith the experimentalmeasurementsof Sato et al.2 It was
found that the nonlinear k- e model could predict the anisotropy of
gas turbulencebetter than the lineark-e modelcould, that the particle
dispersioncould be enhanced by modifying the particle–eddy inter-
action timescale, and that the ef� cient Lagrangian trajectory model
could substantially improve computational ef� ciency as compared
with the conventionalLagrangianstochasticmodel. Results also in-
dicated that, for the present particle-laden turbulent gas � ow, using
the modi� ed particle–eddy interaction timescale the prediction of
particle velocity � uctuations could be improved with the SPEED
model as compared with the conventional dispersion model.

Acknowledgment
The � rst author gratefully acknowledgesthe researchgrant of the

Portuguese foundation Junta Nacional de Investigação Cient´õ � ca e
Tecnológica under the program of Orçamento Programático.
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